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Abstract-Let us consider the nonhomogeneous boundary value problem 
-Y” + q(r)y - X2Y = f(z), I E w+ = [O, 03) , (A.1) 
Y’(0) - hY(0) = 0, (A.2) 
where Q and f are complex valued functions, h E @ and X is a spectral parameter. In this article, we 
investigate the spectral singularities and the eigenvalues of (A.l),(A.2), using the boundary uniqueness 
theorems of analytic functions. In particular, we prove that the boundary value problem (A.l),(A.2), 
has a finite number of spectral singularities and eigenvalues with finite multiplicities, under conditions, 
for some E > 0, 6 > 0. @ 2002 Elsevier Science Ltd. All rights reserved 
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1. INTRODUCTION 
Let us consider the Sturm-Liouville problem 
-y” + q(2)y - Py = 0, 
Y'(0) - hY(O) = 0, 
where q is a complex valued function and h E Cc. It is evident that the boundary value problem 
(BVP) (1.1),(1.2) is nonself-adjoint. The spectral analysis of the BVP (1.1),(1.2) with continuous 
and point spectrum was investigated by Naimark [l]. He proved that some of the poles of the 
resolvent’s kernel of the BVP (1.1),(1.2) are not eigenvalues. He also has shown that those 
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poles (which are called spectral singularities by Schwartz [2]) are on the continuous spectrum. 
If e’“q(x) E &(R+) for some E > 0, then the BVP (1.1),(1.2) has a finite number of spectral 
singularities and eigenvalues with finite multiplicities. 
Lyance showed that spectral singularities play an important role in the spectral analysis of 
the BVP (1.1),(1.2) [3]. H e a so 1 investigated the effect of spectral singularities in the spectral 
expansion. 
Another approach for the discussion of the spectral analysis of the BVP (l.l),( 1.2) was given 
by Marchenko [4]. Let E denote the set of all even entire functions of exponential type which are 
integrable over the real axis, and let E* denote the dual of E. We define 
cp(fi,X) = 
s 
wfi(+,+,~) dx, i = 1,2, 
0 
for any finite fr, fz E &(W+), where cp(x, X) is the solution of (l.l), subject to the initial condi- 
tions cp(O,X) = 1, cp’(O,X) = h. In [4], Marchenko showed that cp(fr,X) . ‘p(fz,X) E E, and there 
exists a functional T E E* such that 
J cx, f~ (x) f2 (~1 dx = T [‘p (fi,4 . cp Lf2r 41. 0 (1.3) 
T is called generalized spectral function of the BVP (1.1),(1.2). Recall that (1.3) is a generaliza- 
tion of the well-known Parseval equality for the singular self-adjoint Sturm-Liouville equations. 
Let us consider the nonhomogeneous BVP 
-Y”+4(x)Y-~2Y =f(x), 2 E R+, (1.4) 
Y’ (0) - hy (0) = 0, (1.5) 
where q and f are complex valued functions and h E @. The spectral analysis of the BVP 
(1.4),(1.5) without spectral singularities was investigated in detail by Krall [5-71. 
In this article, we discuss the spectral singularities and the eigenvalues of the BVP (1.4),( 1.5)) 
and prove that this BVP has finite a number of spectral singularities and eigenvalues with finite 
multiplicities under the following conditions: 
sup [I4 @)I exp (cx”‘)] < 00, 
sEIR+ 
=sup+ [If (x)1 exp (cx”“)] < oo, 
for some E > 0, 6 > 0. 
Note that the spectral analysis of homogeneous Schrodinger, Klein-Gordon, Sturm-Liouville, 
and Dirac equations with spectral singularities were studied in detail in [8-131. 
2. JOST SOLUTION OF (1.1) 
Let us suppose that 
Jrn 
xlq(x)\ dx < co. 
0 
By e(x, X), we will denote the solution of (1.1) satisfying 
lim y(x,X)emix” = 1, 
5-00 
for X E C+ := {X : X E @, SX 2 0). 
(2.1) 
The solution e(x, X) is called the Jost solution of (1.1). Under condition (2.1), the Jost solution 
has the representation 
J 
co 
e(x, A) = eiXx + K(i, t)eixt dt, (2.2) 
z 
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and the kernel K(z, t) is expressed in terms of q ([14, Chapter 3, Section 11). K(z, t) is continu- 
ously differentiable with respect to their arguments and 
(2.3) 
(2.4) 
where 
o(z) = 
J 
Tm Iq @)I & 0 (cc) = Srn Q (t) dt. (2.5) 
I 
Therefore, e(z, X) is analytic with respect to X in Cc + := {X : X E @, Q’x > 0) and continuous on 
the real axis. 
The solution e(z, X) also satisfies 
e (2, A) = eiXs [l -I- 0 (l)] , ez (5, X) = eiXz [ix + 0 (l)] , Ad+, Z’oa, (2.6) 
see [15, Appendix II]. 
Let 6(x,X) denote the solution of (1.1) subject to the condition 
lim d (z, X) eiXx = I, XEC+. 
+--roe 
The solution 6(x, X) is analytic with respect to X in C+ and continuous on the real axis and 
6(x, A) = emixz[l + o(l)], &(2,X) = emixz[-iX + o(l)], XEC+, 5-+co. (2.7) 
Note that e(z, X) is a bounded solution of (l.l), but E(z, X) is unbounded. From (2.6) and (2.7), 
we obtain that 
W [e (z, X) , e(z, A)] = -2iX, x E c+, (2.8) 
where W[_fl, f2] is the Wronskian of fi and fs. 
3. EIGENVALUES AND SPECTRAL 
SINGULARITIES OF (1.4),(1.5) 
Using (2.8), we find that the function 
mf(t)e(t,X) dt-e(z,X) 
s 
mf(t)6(t,X) dt 
z 
(3.1) 
+a(x)e(z,x) -A(X)&(z,X) xE~+\W, 
is the solution of the BVP (1.4),(1.5), where 
A(X) = 
J 
Omf(z)e(z,X) dz+e,(O,X)-he(O,X), 
a(x) = 
I 
Omf(z)e(z,~) dz+&(O,X)-&(0,X). 
Now, we have the following lemma. 
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LEMMA 3.1. If (2.1) holds and 
sup [If @)I exp (&xl+“>] < 03, 
xEWs 
E > 0, b > 0, (3.2) 
then 
Ud = {/L : p = x2, X E @+, A(X) = 0} , (3.3) 
where o,j denote the set of eigenvalues of the BVP (1.4),(1.5). 
PROOF. Let ,YO = X3 and X0 E C+. From (2.6) and (2.7), we get that e(s,Xo) E &(R+) and 
6(x, X0) $ &(R+). Since 
and 
6 (2, X0) Jrn f (t) e (t, X0) dt = 0 (e-r’2r1+0) , X-CO 
z 
e(X,X0) Jrn f (t) 6 (t, Xo) dt = 0 (e-r/2s’+“) , x --) cm, 
3 
it follows from (3.1) that E(z, X0) belongs to &(W+) if and only if A(&) = 0. 
Analogously to the homogeneous Sturm-Liouville and Dirac equations, we have 
crss = {p: /i = X2, X E iR*, A(X) = O}, (3.4) 
where lR* = R\(O) and ass denote the set of spectral singularities of the BVP (1.4),(1.5), see 
[1,8,%11]. 
It follows from (3.3) and (3.4) that in order to investigate the structure of the eigenvalues and 
the spectral singularities of the BVP (1.4),(1.5), we need to discuss the structure of the zeros of 
A in c+. In order to do so, write 
M1={X:Xe@+, A(X)=O}, MQ={X:XGR, A(X)=O}. 
Then from (3.3) and (3.4), we see that 
,,d = {p : p = x2, x E hf1}, 033 = { p : p = x2, x E Mz} \{O}. (3.5) 
LEMMA 3.2. If (2.1) and (3.2) hold, then the following occurs. 
(i) The set Ml is bounded and has at most a countable number of elements, and its limit 
points can lie only in a bounded subinterval of the real axis. 
(ii) The set M2 is compact and p(M2) = 0, where p(M2) d enote the linear Lebesgue measure 
of A&!. 
PROOF. Using (2.2) and (2.3), we get that the function A is analytic in @+, continuous in c+, 
and 
A(X) = iX + 77 + 
s 
O” $J (t) eiXt dt, (3.6) 
0 
where 
r] = -K(O,O) - h, 
J 
t 
q!(t) = K,(O, t) - hK(O, t) + f(t) + f(EW(E> t) 4. 
0
From (2.3)-(2.5) and (3.2), it follows that 
(3.7) 
(3.8) 
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(3.9) 
00 t 
J IJ f(E) K(E>t) de dt < 00, (3.10) 0 0 
where C > 0 is a constant. Hence, we obtain $J E Li(R+) by (3.7)-(3.10). Consequently, (3.6) 
implies that 
A(X) =iX+n+o(l), x E c+, 1x1 -+ co. (3.11) 
Equation (3.11) shows the boundedness of the sets MI and Mz. Prom the analyticity of the 
function A in C+ we get that Mi has at most a countable number of elements and its limit points 
can lie only in a bounded subinterval of the real axis. By the boundary value uniqueness theorem 
of analytic functions, we obtain that the set Mz is closed and p(Ms) = 0, see [16]. I 
Prom (3.5) and Lemma 3.2, we get the following theorem. 
THEOREM 3.1. Under conditions (2.1) and (3.2), we have the following. 
(i) The set of eigenvalues of the BVP (1.4),(1.5) is b ounded, is no more than countable and 
its limit points can lie only in a bounded subinterval of the positive semiaxis. 
(ii) The set of spectral singularities of the BVP (1.4),(1.5) . IS b ounded and its linear Lebesgue 
measure is zero. 
Now, we recall the following. 
DEFINITION 3.1. (See [15, Appendix III.) Th e multiplicity of zero of the function A in cc+ is 
defined as the multiplicity of the corresponding eigenvalue or spectral singularity of the BVP 
(1.4),(1.5). 
THEOREM 3.2. If (3.2) holds and 
E > 0, (3.12) 
then the BVP (1.4),(1.5) has a finite number of eigenvalues and spectral singularities and each 
of them is of a finite multiplicity. 
PROOF. Prom (3.8)-(3.10), we find that 
I~(O,t)l,II(,(O,t)l SCexp(-it), 
Jd'lf MI I~c(E,t)I d5 I Cexp (-tt) , 
(3.13) 
(3.14) 
where C > 0 is a constant. (3.7), (3.13), and (3.14) imply that 
I+ (t)l L Cexp (-it) , (3.15) 
It follows from (3.6) and (3.15) that the function A has an analytic continuation from the real 
axis to the half plane 5X > -(~/2). So the limit points of the sets Ml and Mz cannot lie in R, 
i.e., the bounded sets MI and Mz have no limit points (see Lemma 3.2). Therefore, we have 
the finiteness of the zeros of A in cc+. Moreover, all zeros of A in c+ has a finite multiplicity. 
Using (3.5), we obtain that the BVP (1.4),(1.5) has a finite number of eigenvalues and spectral 
singularities and each of them is of a finite multiplicity. 
It is seen that conditions (3.2) and (3.12) guarantee the analytic continuation of the function A 
from real axis to lower half-plane. So the finiteness of eigenvalues and spectral singularities of 
the BVP (1.4),( 1.5) are obtained as a result of this analytic continuation. 
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Now let us suppose that 
sup 114 @)I exp (sx’)l < 03, 
XEW& 
E > 0, (3.16) 
which is weaker than (3.12). It is evident that under conditions (3.2) and (3.16), the function A 
is analytic in Cc+ and infinitely many differentiable on the real axis. But A does not have an 
analytic continuation from the real axis to lower half-plane. Therefore, under conditions (3.2) 
and (3.16), the finiteness of eigenvalues and spectral singularities of the BVP (1.4),(1.5) cannot 
be proved by the same technique used in Theorem 3.2. 
Let us denote the set of all limit points of Ml by Ma and the set of all zeros of A with infinite 
multiplicity in c+ by M4. It follows from the boundary uniqueness theorem of analytic functions 
that 
MlnMq=0, M3cM2, M4cM2r 
and 
Using the continuity of all derivatives of A on the real axis, we have 
M3 c M4. (3.17) 
To prove the next result, we will use the following uniqueness theorem for the analytic functions 
on the upper half-plane. 
THEOREM 3.3. (See [8].) Let us assume that the function g is analytic in @+, all of its derivatives 
are continuous up to the real axis, and there exists T > 0 such that 
I I g@) (z) I G, n=O,l,..., XEC+, IzI < ST, (3.18) 
and 
(3.19) 
If the set Q with linear Lebesgue measure zero, is the set of all zeros of the function g with infinite 
multiplicity and if 
J alnF(s) dp(Q,) = -03, 0
then g(z) E 0, where F(s) = inf,(C,sn/n!), n = O,l,. . . , p(Qs) is the linear Lebesgue measure 
of s-neighborhood of Q and a is an arbitrary positive constant. 
LEMMA 3.3. If (3.2) and (3.16) hold, then M4 = 0. 
PROOF. It follows from (3.6)-(3.9) that the function A is analytic in c+ and all of its derivatives 
are continuous up to the real axis. Moreover, by Lemma 3.2 for sufficiently large T > 0, we have 
IJ -’ In IA (X)1 -_m 1+x2 dhi <co, IS,,‘;‘;$)‘dXl <m. (3.20) 
Prom (3.6), we obtain that 
IA(X) - iXI < co, x E C+, 
and 
IA(“)(A)1 5 D,, XE~+, n=1,2 ,..., 
(3.21) 
(3.22) 
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where 
s 
m 
D1=1+ r I?1 @)I dt, Q, = n = 2,3,. . . . (3.23) 
0 s 
sm tn 111 @)I dt, 
Using (3.8) and (3.9), we find that 
and consequently, 
WMI iCexp [-i (:)‘I, (3.24) 
by (3.7), where C > 0 is a constant. Prom (3.21)-(3.24), we get that 
IA@) (A)[ I Km n=O,l,..., x0?+, 1x1 < 2T, (3.25) 
where 
K, = Clmt”exp [-t (:)‘I dt. (3.26) 
It is easy to see from (3.20) and (3.25) that A satisfies (3.18) and (3.19). Since the function A is 
not equal to zero identically, then by Theorem 3.3, M4 satisfies 
I 
a 
1nF (3) dp (M4,J > -co, 
0 
(3.27) 
where F(s) = inf,(K#/n!), ~(MJ,~) is the linear Lebesgue measure of s-neighborhood of M4, 
and the constant K,, is defined by (3.26). 
Now we will obtain the following estimates for K,,: 
K,, = Cimt”exp [-E (;)‘I dt 5 Bbnn!n”(‘-Y)/Y, 
where B and b are constants depending on C, E, and y. Substituting (3.28) in the definition of 
F(s), we arrive at 
K,# F(S) = i;f 7 I Bexp ’ - 7 --e -l/(l-r)b-y/(‘-y)s-y/(l-y) 
7 > 
Now by (3.27), we get 
s 
a s--“(~-~) dp (M& < 00. (3.29) 
0 
Since y/(1 - 7) 2 1, (3.29) holds for arbitrary s if and only if p(M4+) = 0 or M4 = 0. 
THEOREM 3.4. Under conditions (3.2) and (3.16), the BVP (1.4),(1.5) has a finite number of 
eigenvalues and spectral singularities, and each of them is of a finite multiplicity. 
PROOF. To be able to prove the theorem, we have to show that the function A has a finite 
number of zeros with a finite multiplicities in c+. 
It follows from (3.17) and Lemma 3.3 that MS = 0. So the bounded set Ml has no limit points, 
i.e., the function A has only finite number of zeros in U?+. Since M4 = 8, these zeros are of finite 
multiplicity. 
Prom Theorem 3.4, we get that the weakest conditions which guarantee the finiteness of eigen- 
values and spectral singularities of the BVP (1.4),(1.5) are 
for some E > 0, b > 0. 
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Naturally, one may ask if the weaker conditions 
BAIRAMOV 
E > 0, 6 > 0, 
then (3.30) guarantee the finiteness of eigenvalues and spectral singularities of theBVP (1.4),(1.5). 
Unfortunately, we have been unable to answer this and it remains as an open question. 
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